The semileptonic decay form factors of the double heavy B c meson provide a unique opportunity to study the strong interactions between two heavy quarks. A fully relativistic model, with effective non-local quark-meson interactions, is used to compute semileptonic decay form factors, for both the B c and a wide range of other heavy-light mesons.
Introduction
A primary goal in the study of semileptonic decays of heavy mesons is to extract the values of the CKM matrix elements. The great virtue of semileptonic decays is that the effects of the strong interaction can be separated from the effects of the weak interaction into a set of Lorentz invariant form factors [1] . Thus the theoretical problem associated with analysing semileptonic decays is essentially that of calculating the form factors.
The focus of this work is the decay of the B c meson (for a review of the properties of this system see [2] ). This system is unique among mesons made up of heavy (charm or bottom) quarks, it is the only one which is stable with respect to strong and electromagnetic interactions. Therefore, the B c system is the only heavy meson for which form factors (albiet transition form factors rather than elastic) can be measured. These form factors then provide a unique probe of the dynamics of heavy quark systems.
There are many approaches to the calculation of decay form factors, for example, lattice QCD [3] , QCD sum rules [4] , and phenomological modelling [5] . In this work a particular model with an effective quark-meson coupling is adopted. There are many models of this type [6, 7, 8, 9, 10] .
The one used here has its genesis in the QCD version of the Nambu-JonaLasinio model [11] extended to heavy quarks [6] and is most closely related to the model used recently by Ivanov and Santorelli in a their study of pseudoscalar meson decays [12] .
The advantage of this approach is that it is fully relativistic and very versatile. Quarks and mesons for all masses are treated within the same framework. For light quarks the model has the features of spontaneous chiral symmetry breaking and in the single heavy quark limit the form factor constraints of heavy quark symmetry are obtained. 
Quark-Meson Coupling
The particular quark-meson coupling used in this work is based on an effective Lagrangian which models the interaction between mesons and quarks with a non-local interaction vertex [6, 12] . The interaction Lagrangian has the form
where Γ M is the Dirac matrix appropriate to the meson field M, f [(
is a non-local vertex function, which simulates the finite size of the meson, and q 1 and q 2 are the quark fields. A condition imposed on the vertex function is that it should render all loop diagrams UV finite. The coupling constant g M is determined by the compositeness condition, which is the requirement that the renormalization constant of the meson fields be zero,
i.e.
Here Π M (p 2 ) is the self energy of the meson field, given by
where m 1 and m 2 are the masses of the quarks in the loop and Q is a relative momentum chosen to be Q = k + αp with α =
The constituent quark masses in (3) are free parameters. As well, the vertex function will contain a free parameter which reflects the size of the meson. These parameters will be different for the different mesons.
The use of free constituent quark propagators in expressions like (3) can lead to a problem which reflects the lack of quark confinement in the model.
If the meson mass M M is greater than the sum of its constituent quark masses loop integrals will develop imaginary parts. This indicates a nonzero amplitude for the creation of a free quark-antiquark pair. There have been some various attempts to obviate this problem within quark-meson effective theories [7, 8, 9, 10] . Here we adopt the approach of Ref. [12] and use free propagators. The constituent quark masses are then fit to allow for the inclusion of as many mesons as possible.
In order to carry out calculations a choice must be made for the vertex function f (q 2 ). The function that was used in this analysis was the dipole
This choice was made for two reasons; first the form of the dipole vertex function is the same as a propagator, allowing standard Feynman parameter techniques to be used in evaluating loop integrals. Second, the vector decay constant f V would diverge if only a monopole vertex function was used. Since one of the primary criteria for the vertex functions is that they should render all diagrams UV finite, a function with UV fall-off as least as fast as a dipole is needed. The parameter Λ characterizes the finite size of the meson, and will be different for different mesons. To account for this the various values of Λ will be distinguished by subscripts which reflect either the meson type or the quark content, e.g. Λ Bc and Λ bc will be used interchangeably. Further, in expressions involving the vertex form factor, the same comvention will be used. Note that the calculations of Ref. [12] used a Gaussian vertex function so that the parameters used there can not be compared directly with ours.
The parameters of the model were fit to the leptonic decay constants, f P and f V . These quantities are defined by
where M V is the vector meson mass. The pseudoscalar decay constant is given by the one-loop expression
Here m 1 and m 2 refer to the masses of the quarks in the loop, this convention will be used throughout this paper. Using the dipole vertex function, combining the denominators using Feynman parameters, and performing the integration over k yields
with
where M P is the mass of the pseudoscalar meson. Likewise the expression for the vector decay constant is
where the same defintions have been used, with the obvious change of M P to M V and Λ P to Λ V in the expression for ∆.
To compute the coupling constants g P and g V , the self energies and their derivatives must be computed. Then the compositeness condition (2) can be used to find the couplings. The self energy for a pseudoscalar meson is given by
where∆ = Λ 2 P x 1 + m 2 1 x 2 + m 2 2 x 3 + (σ 2 − η)p 2 and all the other quantities are the same as the ones defined above. The self energy for a pseudoscalar meson is given by the tensor Π µν V which can be expressed as
Unfortunately Π V =Π V , so this does not have the proper structure for a vector propagator. This problem was solved (following [13] ) by simply dropping theΠ V term, which would cancel out of any calculation of a physical process at one-loop order (since ǫ · p = 0). The relevant part of the vector meson self energy is given by
where all the quantities appearing have been defined previously.
The free parameters of the model are fit to the six values of f P and the measured values f J/ψ = 0.1309 and f Υ = 0.075012 [14] . These data, which are displayed in Table 1 , fix eight free parameters. In order to reduce the number of free parameters to match the available data the value of the strange quark mass was fixed at 450 MeV and the vertex parameter for a vertex containing only u and d quarks Λ π was taken (following [6] ) to be 1
GeV. In addition the following further simplifying assumptions were made
This leaves the following parameters to be fit,
Λ cc , Λ bb , and Λ bc . The parameter Λ bc could only be fit to a value for f Bc which is not in the values listed in Table 1 , hence it is retained as a free parameter, leaving eight to be fit. The fit to the remaining eight parameters is given by (all values in MeV)
The values for the self energies, coupling constants, and leptonic decay constants arising from these parameters are displayed in Tables 2 and 3 .
In order to fix Λ bc a value of f Bc must be given. There is no experimental value for this quantity and theoretical estimates tend to fall in the range 400 MeV f Bc 500 MeV (see, for example, [2, 16, 17, 18, 19] Some of the decays considered here have already been treated by Ivanov and Santorelli [12] . However, that work does not demonstrate the full applicablity of the approach. Apart from decays to light vector mesons, the model is capable of treating virtually any semileptonic decay (with the restriction that a value for the meson mass must be supplied as input).
The amplitude A for a semileptonic decay is given by,
Here G F is the Fermi constant, V QQ ′ is the relevant CKM matrix element,
and H µ is the hadron current
where P is the momentum of the parent meson, k is the momentum of the daughter meson, and ǫ is the polarization, if the daughter meson is a vector.
The two currents in (13) are the vector V µ and axial A µ . If the final state is a pseudoscalar the hadron current can be decomposed as follows,
where f + (q 2 ) and f − (q 2 ) are Lorentz invariant form factors. Likewise, if the final state is a vector meson,
where the form factors are g, f , a + , and a − . In each of these expressions q = (P − k) is the momentum transfer.
For a decay to a pseudoscalar meson (with mass denoted by M P ′ ) the differential decay rate can be reduced to [1] 
where,
The lepton spectrum is given by,
where
. If the final state is a vector meson (with mass M V )the corresponding differential decay rate is,
and the final mass M V should be subsititued for M P ′ in (15) . The expression for the lepton spectrum is given by
where the following definitions were made
Note that all of these expressions assume that lepton mass m ℓ is zero. The form factors for decay to a pseudoscalar meson are
The following definitions were made to simplify the expressions
These definitions (in addition to α and µ) will be used throughout the rest of this paper, with the obvious substitution of M V and Λ V for M P ′ and Λ P ′ when the final state is a vector meson.
The form factors for decays to vector mesons are given by
The following further definitions have been made,
Excluding the B c decays a total of sixteen pseudoscalar to pseudoscalar decays were considered. Due to the difficulty with confinement the corresponding number of pseudoscalar to vector decays that could be treated was only four. Table 4 shows the predictions for the decay rates and branching ratios for all of the decays considered. The values of the CKM matrix elements, and the necessary lifetimes were taken from [14] .
Many of the decay rates treated in this section have been measured, hence most of the predictions can be compared to observed quantities. Table 4 shows the predicted and measured results for the branching ratios. The experimental results are taken from [14] and the errors in the predictions represent the uncertainties in the CKM matrix elements. Overall, the agreement with experiment is reasonable which increases the level of confidence in the areas where direct comparison with experiment is not possible. Table 5 shows values of f + (0) as computed in this work and in various other theoretical approaches. The other approaches are widely varied: [21] uses the ISGW model, [5] uses the WBS model, [22] gives results from a bag model, [23] uses a Dyson-Schwinger equation approach and [3] gives lattice QCD results. Of particular interest is the work of Ivanov et al. [24] which uses the quark confinement model. This quark-meson model is based on similar considerations to the model used in this work so its predictions should be close to ours.
As well, the decay B → D+ℓ + +ν ℓ can be treated in a model independent way using the HQET. Ivanov et al. have shown in several papers [10, 12, 25] that quark-meson models of the type used here give the correct tree level HQET relations in the infinite mass limit. Nevertheless a direct check with finite quark mass is useful. The HQET gives the prediction [26] 
which compares well with our value f + (q 2 max ) = 1.133. The most important comparison that can be made is with Ref. [12] . This paper uses a different vertex function to treat B and D decays. This serves as a check on the dependence of the model on the choice of vertex function. Apart from the case B → π + ℓ + ν agreement with [12] is very good. In addition [12] presents the values of f + (q 2 ) over the full range of q 2 . Overall agreement is good between the two calculations, Fig. 2 illus- trates the agreement in the case D 0 → K − + ℓ + + ν ℓ . Fig. 3 shows the case B 0 → π − + ℓ + + ν ℓ , for which the agreement is better over the whole range than indicated in Table 5 .
Due to lack of confinement very few pseudoscalar to vector decays can be calculated. Of the few decays treated in this work only the decay B → D * + ℓ + ν ℓ has been studied extensively. Table 6 compares our predictions with some other calculations. Overall the agreement is reasonable.
Semileptonic Decays of the B c Meson
The methods of the previous section can be directly applied to the semileptonic B c decays. Using the procdeure outline above, decay rates, lepton spectra, and branching ratios can be computed. In this work the lifetime of the B c was taken to be 0.5 ps, which agrees with the CDF value of τ CDF Bc = 0.46
+0.18
−0.16 ± 0.03 ps [20] . Table 7 shows f + (0), f + (q 2 max ), the total decay rate Γ and the branching ratio for the four pseudoscalar decays. For the decays to vector mesons, values of the form factors at q 2 = 0 as well as total decay rates and branching ratios are displayed in Tables 8 and 9 .
There are a number of other calculations of the semileptonic decays of B c . A comparison of some results for the dominant decay modes is given in Table 10 . In contrast to the situation in Sect. 3 where our quark-meson model predictions, for the most part, agreed with other models and the various other models agreed with each other, there are substantial differences between calculations of B c decays. The clearest examples of this are the predictions for the decays to the B * s and J/ψ. These two decays are expected to be the most important semileptonic decay channels However there is disagreement not only over the values of the branching ratios but also as to which decay will be favoured. For example, the quark-meson model used in this work predicts the decay to the J/ψ to be slightly favoured over the decay to the B * s while the heavy quark approach used in [28] and [30] predicts the decay to B * s to dominate. This divergence of predictions may be expected; the heavy-heavy quark content of the B c poses a challenge for models. Light-quark mesons may be constrained by chiral symmetry and heavy-light mesons by heavy quark symmetry. On the other hand the physics of heavy-heavy systems is less constrained by symmetries so extending models into this domain provides a severe test.
Electromagnetic Decays V → P + γ
In addition to semileptonic decays the electromagnetic decays of vector mesons can be treated within our effective quark-meson coupling model.
Since the amplitude involves the matrix element V |V µ |P it is clear this process will be related to the form factor g(q 2 ). The the amplitude for this process is
where Q 1, (2) is the charge of q 1, (2) , and p P, V are the momenta of the pseudoscalar and vector mesons. The functions g i (0) are the form factors given by (21) , with the appropriate masses inserted, and with q 2 = 0. The appropriate masses in these functions are given by the interchange of M P and M V and the subscript which denotes which of the quark lines the gauge field is coupled to (i.e. for g 1 (0) the appropriate expression sets m 3 =m 1 ). Defin-
, and summing over initial and final polarizations gives
where α = 1 137 is the fine structure constant. Standard techniques [31] yield the total rate
Electromagetic decays have been the subject of several theoretical studies. As well the decay J/ψ → η c + γ has been measured. Table 11 shows our predictions for g V P γ along with the single experimental result and the predictions of some other models. In [32] and [33] two different heavy quark approaches were used. The quark confinement model [13] , which has some similarity to the quark-meson model used in this work, gives results which are quite close to ours.
There are measured branching ratios for the D * decays, however no lifetime measurement has been made. Therefore our predictions (which do not include the lifetime) cannot be compared directly with experiment. In order to obtain branching ratios a theoretical estimate of the lifetime must be used. The quark confinement model is the ideal choice, since its predictions are closest to our work. Using the results from [13] and our predictions for the total rates (obtained from (26) ) the following branching ratios are obtained:
These compare well with the experimental values [14] 
In order to treat the electromagnetic decay B * c → B c + γ the mass of the B * c meson must be specified. Theoretical estimates [2] indicate that the mass difference should be small; M B * c − M Bc < 100 MeV. To examine the effect of a small change in the B * c mass, the self energy and coupling constant were calculated over a range of masses. These results were used to calculate g B * c Bcγ and are displayed in Table 12 . The decay rate is shown in Fig. 4 . The radiative decay of B * c has not been studied extensively. A QCD sum rule approach [34] , using M B * c = 6.6 GeV and M Bc = 6.3 GeV, gives the result g SR B *
c Bcγ = 0.270 ± 0.095GeV −1 . Using these masses our prediction is g B * c Bcγ = 0.2196GeV −1 . The two values are in agreement.
Conclusion
A Lagrangian which models mesons in terms of an effective non-local quarkmeson interaction vertex [6, 12] Table 9 : Predictions for the form factors at q 2 = 0 for B c → V decays. 
